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Brookes’s Denotational Semantics
for Shared State Concurrency

Algebraic Effects Relaxed Memory
Refinement Extension




SEQUENTIAL SETTING



SMALL-STEP SEMANTICS

o,(l:= 0 ;ifz [? then “ok” else “bug”)
o|l + 0], (ifz [7 then “ok" else “bug”)
o|l +— 0], (1fz 0 then “ok” else “bug”)



DENOTATIONAL SEMANTICS

World of Code

void philosopher(int ph, mutex& ma, mutex&
mb, mutex& mo) {

for (;;) { // prevent thread from
termination

]
int duration = myrand(200, 800); I‘O
{
// Block { } limits scope of lock
lock_guard<mutex> gmo(mo);
cout<<ph<<" thinks "<<duration<<"ms\n";

b

this_thread::sleep_for(chrono::milliseconds(d
uration));

Program Fragments Denotational Domain

Sequential setting
— state transformers: 7X = (S — S x X)

It

0 ; ifz [7 then "ok” else "bug”] ., = Ao. (o[l = 0], “ok”) € T'String

11:=0: “ok"]

prog




MONAD-BASED SEMANTICS

[l := 0 ;ifz [? then "ok” else “bug”]]prog
= [ := 0], 0 )= A0 [17]1rog )= Ab. (ifz b then 7)"ok” else 7 “bug”)
= Ao. (0|l + 0], “ok”) € T'String

+ Domain: state transformers TX = (S — S x X)

* Extendse: X - TY to )=e: TX — TY as follows:

f)=e = Xo.let (p,y) = foin eyp (modified memory p propagates)
)= is associative 7 is neutral for )=
* Unit: n: X - TX nr = \o. {(o,x) (no change or dependency on state o)
« Write: [l :==v] 0 = Ao.(o|l > v],()) € Tl Read: [I7], ., = Ao.(0,0;) € T'Val




Algebraic Effects

Refinement




ALGEBRAIC EFFECTS

[l :==0;ifz [? then “ok” else “bug”| . = Ao. (o[l = 0], "ok”) = [l := 0 ; “ok”]| .,




ALGEBRAIC EFFECTS

“ __gg_gl_?_l_:aa_t StateAxmm -
U,. L
Uo L (“ok”, “bug”) (U1) Uy Lz, 20) = Uy ) U, "ok
[l:=0;ifz [? then “ok” else “bug"],,., = Aa. (o[l = 0], “ok”) = [l := 0 ; “ok"] .,
1 1
I[Ul,o Ll <“Ok”7 “bug”)]]term — [[UZ,O "ok ]]term
Ui ]lopf = Ao €S. f (o]l = v]) [Lilop(fos f1) = Ao €S. f, 0

IIUZ,'UO]]term — [[Ul,'v]]op (77 <>) — IU "= v]]prog [[Ll(ov 1)ﬂterm — IlLlﬂop(nov 771) — [[l?]]prog



GLOBAL STATE & NON-DETERMINISM

Global State:

+ Operators for updating U; ,, : 1 and looking up L; : 2 bits in storage

« Axioms such as (UL) U, L,(zy,z,) =U; , z,

Adding Non-determinism: Countable
+ Operators for choice: binary V : 2 and empty L : 0

+ Axioms of semilattice, e.g.:  (Symmetry) xVy=yV x (Neutrality) xV L ==
« Axioms of interaction, e.g.: (V-U) U, (zVy)= U, ,z)V (U, ,y) (L-U) U, L=1

t>r = tVr=t

————C




COOPERATIVE
CONCURRENCY




SMALL-STEP SEMANTICS

o,(l:=1 || 1:=0;yield ;ifz [? then "ok” else “bug”)
— o,(l:=1 |[|) [:=0;yield ; ifz [? then "ok" else "bug")
— o[l 0], (l:=1 |) yield ; ifz [? then “ok” else “bug")
— o[l 0],(l:=1 | ifz [? then “ok” else "bug")

1



MONAD-BASED SEMANTICS

44



ALGEBRAIC EFFECTS: RESUMPTIONS
— I[Ul,o L, (“ok”,Y “bug”)]]

(UL)
— Uy “ok’]

[l :=0;ifz [? then “ok” else (yield ; “bug”)]

prog term

= [l:=0; "ok"]

term prog

The theory of resumptions Res takes non-deterministic global state and adds:

+ Operator for yielding to the concurrent environment Y : 1
« Axioms of closure:  (Pure) Yx >ax (Join) YYx =Yz
* Axioms of interaction: (V-Y) Y(zVy)=(Yz)V (Yy) (L-Y)YL=1

13



ALGEBRAIC EFFECTS: RESUMPTIONS

[l :=0; yield ; ifz [? then “ok” else “bug”]| _ |[Ul,o YL, (“ok”, “bug”)]]

(Pure)

> |[Ul,o L, (“ok”, “bugn)]]

prog term

(UL) . R
= [U,, "ok ]]term = [[l:=0; "ok"]

term prog

The theory of resumptions Res takes non-deterministic global state and adds:

+ Operator for yielding to the concurrent environment Y : 1
« Axioms of closure:  (Pure) Yx >ax (Join) YYx =Yz
* Axioms of interaction: (V-Y) Y(zVy)=(Yz)V (Yy) (L-Y)YL=1

13



PREEMPTIVE
CONCURRENCY




SMALL-STEP SEMANTICS

o,(l:=1 || [:=0;ifz[? then “ok” else “bug")
— ol 0], (l:=1 || ifz [? then “ok” else “bug”)
— ol 1], (() || ifz [? then “ok” else “bug”)

15



MONAD-BASED SEMANTICS

44



ALGEBRAIC EFFECTS: RESUMPTIONS?

) Possible intuition: “preemptive interleaving implicitly yields between steps”
) Algebraically — use the yield operator even though there’s no yield construct

) Problem: does the read construct yield?

Abstraction issue

[17] 00 = Y Li(Y 0, Y 1) erm [ifz I? then "ok else “ok"]  + ["ok"]

Not even sound

7] rog = [L1(0, 1) erm lifz [? then [? else O]]prog — ﬂOﬂprog

Variations fail too (no-go theorem)

17



ALGEBRAIC EFFECTS: RESUMPTIONS?

) Possible intuition: “preemptive interleaving implicitly yields between steps”

) Algebraically — use the yield operator even though there’s no yield construct —

> Problem: does the read co I:_i’lfh ek{ (K
B —L e "‘ l" ,

f » * . —_— -

L Abstractionissue —
[[l?]]pmg | L A = w5 lifz [? then “ok” else “ok”]]prog == [[“ok”]]prog
........................................................................................................ e re——— .
[17] sroe = [Li(0, 1)]erm lifz [? then [? else O]]p}rog = [[O]]prog
- —
Variations fail too (no-go-theorem) o —————
e ————

e ——— ="~ ———

- = ._... - -




Setting Sequential

Cooperative Concurrency

Preemptive Concurrency

Monad State Transformers
Alg. Theory Global State

Resumptions

? 2

the process is a hind gf Yeyerse engineering

18
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TARGET: THE BROOKES MONAD

Setting Sequential Cooperative Concurrency | Preemptive Concurrency
Monad State Transformers Brookes Monad @ =
Alg. Theory Global State Resumptions 22

« Highly Abstract: e.g. has [ifz [7 then “ok” else “ok"] = = ["ok"]

19



Brookes’s Denotational Semantics

for Shared State Concurrency




TRACE-BASED SEMANTICS

A denotation is a set of protocols (traces) No interference Possible interference

that a pool of threads may adhere to I I

<ﬂ13 ﬂ1> <ﬂ23 Pz) (ﬂn—la ﬂn_1> (ﬂna pn

21
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TRACE-BASED SEMANTICS
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TRACE-BASED SEMANTICS

A denotation is a set of protocols (traces) No interference Possible interference

that a pool of threads may adhere to I I
~A ~A ~A ~A

<ﬂ13 ﬂ1> <ﬂ29 Pz) (ﬂn—la ﬂn_1> (ﬂna ﬂn>

(ﬂlaﬂD (ﬂbﬂé) (ﬂm/dz)

TI— —
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TRACE-BASED SEMANTICS

A denotation is a set of protocols (traces) No interference Possible interference

that a pool of threads may adhere to I I
~A ~A ~A ~A

<ﬂ13 ﬂ1> <ﬂ29 Pz) (ﬂn—la ﬂn_1> (ﬂna ﬂn>

(ﬂlaﬂi) (ﬂbﬂé) (ﬂmﬂé)

SEQUENCE

21



TRACE-BASED SEMANTICS

A denotation is a set of protocols (traces) No interference Possible interference

that a pool of threads may adhere to I I
~A ~A ~A ~—A

<ﬂ19p1><ﬂ29p2> (ﬂn—lapn—1><ﬂnapn>

(B 1) (Bos ) o SHs i)

INTERLEAVE

22



RELY/GUARANTEE INTUITION

Rely On u, Rely Onyu,

Then

To Guarantee p, To Guarantee p,

Before orII | | | After or|| After

<//ll,p1><//l2,p2> <Il/ln 1> Pn— l><lun?pn>f;

Sequence of Transitions Returns




TRACE DEDUCTIONS CLOSURE RULES

) Close denotations under
trace deductions stutter

En —— (U, p)n

Propagate Reliance

/x-Deduction Closureﬁ

T T e [IMI] ag a Guarantee
T r—>T
e (M mumble
T I M1 S, O " g, O)n
Rely on an
¥ Never introduce externally omitted Guarantee

observable behavior

24



X

THE BROOKES MONAD

Domain: f-closed sets of traces BX = PT(TX)

Unit: n: X - BX nxé{(a,aﬁc\aES}T

Extends e : X — BY to )= e: BX — BY as follows:
K)=e2 {66y | & € K &y € ex)]

Write: [l := v] 0, = {{o, 0]l = v])() | 0 € S} € Bl

Read: [I7],,0p = {{0,0)0; | 0 € ‘S}T c BVal

25



BROOKES MONAD EXAMPLE

[l :==0;ifz 7 then "ok” else “bug”| ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)

[1:=0; "ok"]

Prog

26



BROOKES MONAD EXAMPLE

[l :==0;ifz 7 then "ok” else “bug”| ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)
= {{o,0[l = 0)() | o € S} )= A().

[1:=0; "ok"]

Prog
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BROOKES MONAD EXAMPLE

[l :==0;ifz 7 then "ok” else “bug”| ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)
= {{o,0[l = 0)() | o € S} )= A().

{(o,p)pr | p €S} )= Nb.

[1:=0; "ok"]

Prog

26



BROOKES MONAD EXAMPLE

[l :==0;ifz 7 then "ok” else “bug”| ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)
= {{o,0ll = 0))() | o € S} )= ().
{{p,p)p; | p € S}T )= Ab.{(0,0) (ifz b then “ok” else “bug”) | 0 € ‘S}T

[1:=0; "ok"]

Prog
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BROOKES MONAD EXAMPLE

[l :==0;ifz (7 then "ok” else “bug”| ..
= [1:=0] rog )= AQ-[l7] prog )= Ab.7 (ifz b then “ok” else “bug”)

= {{o,0[l = 0])() | o € S} )= A().

Lo, 0Vp, | p€SY Y= Ab.{(6,0) (ifz b then “ok” else “bug”) | 6 € S}
= {(o,0[l = 0])() | o € S} )= A().

{{p, p)(8,0) (ifz p, then “ok" else “bug”) | p, 0 € S}

[1:=0; "ok"]

Prog

26



BROOKES MONAD EXAMPLE

[l :==0;ifz (7 then "ok” else “bug”| ..
= [1:=0] rog )= AQ-[l7] prog )= Ab.7 (ifz b then “ok” else “bug”)

= {{o,0[l = 0])() | o € S} )= A().

Lo, 0Vp, | p€SY Y= Ab.{(6,0) (ifz b then “ok” else “bug”) | 6 € S}
= {(o,0[l = 0])() | o € S} )= A().

{{p, p) (A0 (ifz p, then “ok" else “bug”) | p.b € ‘S}T

[1:=0; "ok"]

Prog

26



BROOKES MONAD EXAMPLE

[l :=0;ifz [? then “ok” else “bug"] ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)
= {{o,0[l = 0])() | o € S} )= A().

Lo, pVpy | peSY )= Ab. {(0,0) (ifz b then “ok” else “bug”) | 6 € S}
= {(o,0[l = 0])() | o € S} )= A().
{(p, p) {807 (ifz p; then "ok else “bug”) | p,. 4 € ‘S}T
— {{o,all = 0]){(p, p) (ifz p, then “ok” else “bug") | o, p € S}
[1:=0; “ok"]

Prog

26



BROOKES MONAD EXAMPLE

[l :=0;ifz [? then “ok” else “bug"] ..
= [l := 0] 0e )= AQ- 17 prog )= Ab.7 (ifz b then “ok™ else “bug”)
= {{o,0[l = 0])() | o € S} )= A().

Lo, pVpy | peSY )= Ab. {(0,0) (ifz b then “ok” else “bug”) | 6 € S}
= {(o,0[l = 0])() | o € S} )= A().
{(p, p) {807 (ifz p; then "ok else “bug”) | p,. 4 € ‘S}T
= {{0, o[l = 0])(p, p) (ifz p, then “ok” else “bug”) | o, p € S}'
[1:=0; “ok"]

Prog

26



— Ill " O]]prog >>_ <> Ill‘?]]prog >>

= {{o,0ll = 0])() | o € S} )= A()
{{p, MHPGS}»
= {(o. )
(p.
= {(o. ]>
D {(o,0|l+— 0])“ok” | o € ‘5}

BROOKES MONAD EXAMPLE

|l := 0 ;ifz [? then “ok” else “bug”|

PIog

Ab. 1) (ifz b then “ok” else “bug”)

\b. {(0,0) (ifz b then “ok” else “bug") | § € S}

e=[l:=0;" ok]]

Prog

26



= [1:= 0l prog )= A0 117] prog )=

= {{(o, |l +— 0]

1

(
0,
<

\/\//\\//\\/

= (0, 0[l = 0]
1 — 0])’

‘ok” |J€8} =

p, p) (ifz p; then “ok” else “bug”) | o, p € ‘S}T

BROOKES MONAD EXAMPLE

|l :=0;ifz [? then “ok"” else “bug"|

pProg

Ab. 1) (ifz b then “ok” else “bug”)

() | o €S} )= ).
p,p)p | pESY )=
)| o €8} )= A

07 (ifz p; then “ok” else “bug") | pﬂ/G S}T

\b. {(0,0) (ifz b then “ok” else “bug") | § € S}

o =[l:=0; "ok"]

Prog

26



BROOKES INTERLEAVING

[l =1 | [:=0;ifz[? then “ok” else “bug”] .,

— [[] = 1]]prog If Ill := 0 ;ifz [? then "ok" else “bug”ﬂprog

27



BROOKES INTERLEAVING

[l =1 | [:=0;ifz[? then “ok” else “bug”] .,
= [l == 1] soe Il [[:= 03 ifz [? then “"ok” else “bug”| ..
= {(0,0|l +— 1])(o,all = 0]){p, p)((), (ifz p, then “ok” else “bug”)) | o, p, 0 € ‘S}T
U {{o,cll = 0))(0.0[l — 1]){p, p){(), (ifz p; then “ok"” else “bug"”)) | o, p, 0 € S}T

U {{o, o[l = 0 {p, p) (0,01 5 1)((), (ifz p, then “ok” else “bug”)) | o, p, 6 € S}

27



Brookes’s Denotational Semantics
for Shared State Concurrency

Algebraic Effects
Refinement




ALGEBRAIC BROOKES

Setting Sequential Cooperative Concurrency | Preemptive Concurrency

[1:=0],100 | Ao (o[l 0], ()) {(o,0[l0)) ()] oS}
Alg Rep [[Ul,0<>]]term IIUZ,OO]]term 21

29



ALGEBRAIC BROOKES

Setting Sequential Cooperative Concurrency | Preemptive Concurrency
[1 += O] o | Ao (o[l = 0], () {(o,0[l=0]) () | o €S}
Alg Rep [[Ul,0<>]]term IIUZ,O <>]]term [[< Ul,O [><>]]term

29




OUR THEORY OF SHARED STATE

0{ _‘wo,gor\ed

+ Sorts: Hold (@) & Cede (o) Cipet example

x Operators:
» e-sorted update U; , : @ (@) and lookup L, : @ (@, ®)
» choice in each sort
» acquire < : o(e®) release [> : ®(0)

% Axioms:

» @-copy of the global state axioms
» Standard choice axioms (including distributivity and strictness)

» Closure pair axioms:  (Empty) <>z =2 (Fuse) x>

30



REASONING IN SHARED STATE

Represented by a two-sorted generalization B1®°/ of the Brookes monad B

[[<] Ul,'v [><>]]term - IU = Uﬂprog IIQ Ll<[> O? > 1)]]term - l[l?]]prog

|l :=0;ifz [? then “ok"” else “bug”| ~ [« U, o> <Ly (>“ok”, >"bug”)|;erm

prog

(Fuse
2 f[<] Ul,O LI (D“Ok”, I>“bug”)]]term

(UL)
— [[<] Ul,O D“Ok”]]term = [[l =0 ; “Ok”ﬂprog

(Fuse) (> <tx > x): fusing atomic blocks eliminates potential interference

31



REASONING IN SHARED STATE

Represented by a two-sorted generalization B1®°/ of the Brookes monad B

[[<] Ul,'v [><>]]term - IU = Uﬂprog IIQ Ll<[> O? > 1)]]term - l[l?]]prog

[ifz 7 then “ok” else “ok”] ., = [<L; (>"0ok",>"0k")]{erm

G i 1 (Empt 2‘ 1 i 1
— [[Q > Ok ﬂterm :ﬁ Ok ]]term = II Ok ﬂprog

(Empty) (<> ax = z): empty atomic blocks have no observable effect

31



TWO-SORTED TRACE SEMANTICS

(only) Bef<‘re After or ||
v O p1)- (e pr)OT
forbidgep,

Trace sor t VI ot



TWO-SORTED BROOKES MONAD

Domain for each sort 0: closed sets of o-sorted traces B{’=°}Xu = PT((TX),)

[V]ep = U

[<]o, K = {ofox | 80w € K} [>],, K = {@(0,0) {0z | 0 € S, 00z € K}

[[Ul,'v]]opK = Ugeg (U? U[l = ’U]) K
I[Llﬂop(Kov Kl) = UUES (07 J) Kal

where (0, p) K = {8(c,0){0x | @(p,0)§0x € K}

33



RECOVERING BROOKES

« Monad B'®°} transformed along (—)° - (—)
» X ={r:0|xze X}
» Bl*olXe = PH(TX°),) = PI(TX) = BX

- = Brookes's monad B

» <] Ul,'v D<>]]term = [[l "= UIprog
» [<L (>0, 1) [ierm = [I7

] prog

34



RECOVERING RESUMPTIONS

« Monad B1®°} transformed along (—)® 4 (—), represents the resumptions theory Res

» Closure axioms (Y — > <)

x (Pure) > <z > 2

| represents Res
* (Join) DAz =Dz

> <0 erm = lyield] g D Bte-° monad . S

! :Ul’voheml = [l:= Uﬂprog E I/B{-.i h )(:l/(j)\

» TH(0 ke = 1 lprog i $-Alg 1 Set 1*° i 1 Set
: (—) : (_)o

35



SUMMARY

A two-sorted algebraic effects theory for shared state concurrency 5:

(the first example of a multi-sorted algebraic effects theory)
* Thesorts Hold @ & Cede o  declare exclusive access to memory
+ Classic algebraic effects theories: Global State in @, Choice (semilattice) in ® and ©
+ The Closure Pair theory for managing access: (Empty) <<t>ax =2 (Fuse) >b<ax >

+ Represented by a two-sorted model recovering known models in each sort:

» The o-adjunction recovers Brookes’s model (preemptive concurrency)
» The e-adjunction represents Resumptions (cooperative concurrency)

36
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Relaxed Memory

Extension



RELAXING TRACE-BASED SEMANTICS

Paper

Memory Model

Operational Semantics

Brookes [1996]

Sequential Consistency (SC)
idealized model

straightforward interleaving

Jagadeesan, Petri, Riely [2012]

Total-Store Order (TSO)
hardware model

write buffer per thread

THIS WORK [2024]

Release/Acquire (RA)
software model

decentralized communication

39




WHY RELEASE/ACQUIRE?

C11, enables decentralized . .
(non-multi-copy-atomic)

E RA Is an important fragment of a Threads can disagree about the order of writes
architectures (POWER)

Supports flag-based synchronization

traces to arelaxed-memory (e.g. for signaling a data structure is ready)

software model

f First adaptation of Brookes'’s

Supports important transformations
(e.g. thread sequencing, write-read-reorder)

“' Intricate causal semantics, >
L0

not overwhelmingly detailed

Supports read-modify-write atomicity
(e.g. atomic compare-and-swap)

40



INTUITION VIA LITMUS TESTS

_|Store Bufferin  _|Messaqge Passing

x:=0;y:=0; I x:=0;y:=0; l
x=L1ly=0L1]|x=11 »y
y? x? | fy=1 x|




INTUITION VIA LITMUS TESTS

_|Store Bufferin ~ |Message Passing

X =(),y = 0; I x:=0;y:=0; l
X = y=1 || x:=11] ¥
y‘7 //O x? 10 [ |y:=1 || x? l




INTUITION VIA LITMUS TESTS

_|Store Bufferin ~ |Message Passing




INTUITION VIA LITMUS TESTS

y‘7 //O x‘7 //O




INTUITION VIA LITMUS TESTS

y‘7 //O x‘7 //O




INTUITION VIA LITMUS TESTS

y‘7 //O x‘7 //O




INTUITION VIA LITMUS TESTS




RELEASE/ACQUIRE VIEW-BASED
OPERATIONAL SEMANTICS

Kang et al. [2017]

) Memory: Timeline per location

) Populated with immutable messages holding values

0, 1
) Each view points to msgs on each timeline ' '
) Threads have views — cannot read from “the past” Y
) Msgs have views for enforcing causal propagation 0
¥ §
Pr OP?Qaﬁon i Or 0pagatio n =

r
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RELEASE/ACQUIRE VIEW-BASED
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Kang et al. [2017]

9 Memory: Timeline per location X
) Populated with immutable messages holding values

) Each view points to msgs on each timeline

) Threads have views — cannot read from “the past”

) Msgs have views for enforcing causal propagation
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SUPPORTING FIRST-CLASS PARALLELISM

In the operational semantics

Traditional op-sem: static view-array T
y/
Laws of Parallel Programming, e.g. Left Neutrality U'
[ M= 1) |l M).snd ] ’
Write-Read Deorder (Crucial RA refinement) L M ; R

[x:=1Ly?|2[|(x:=1][ y?).snd]]

Extended op-sem: dynamic view-tree




Brookes’s Denotational Semantics
for Shared State Concurrency

Relaxed Memory
Extension




TRACE-BASED SEMANTICS IN RA

Initial View Final View

LI I
CHQLTK
G

3

—

a (g, P1)Has P2) - - - M 1s Pret) Mo Pp) @ - T

Sequence of Transitions Returns




TRACE-BASED SEMANTICS IN RA

Rely on the Guarantee to the
sequential environment to sequential environment to
reveal messages reveal messages
Before o , , » After
l Avoid including whole state in transitions /v

s 21 > </42, P2> - < Mo 15 Prn—1 > <lun9 ~'= .

—
e @ ee— o ] —

Initial View Sequence of Transitions Final View Returns
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MEMORY ACCESS

Read
fa(x)gt ) VE E U B
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Ka[{,u,pz)}ozl_lﬁ.‘.ve | x? ] »
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Read the extended paper

Write
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COMPOSITION

Sequential
/agk r €| M| K@a) D) EHMQI][X'_)’”I]\
o 0‘?15230) S €llletx =M, M, | y
Parallel
QiE{l,Z}. 05360-'- r, € | M;]] € 51“52\

\_
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—_/

w .. (r,h) €M || M|l

/




DEDUCTION CLOSURE RULES

) Close denotations under
rewrite rules

/x-Deduction Closure

r..r€||M]
T r—T

t..re||M]|

) Never introduce externally
observable behavior

04

O

Y

stutter
W —

EQu, pyn

Propagate Reliance

QTOO\(BS _ as a Guarantee

& p){p. O)n
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mumble
a) —m»

Rely on an

E(u, O)n

omitted Guarantee
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DEDUCTION CLOSURE RULES

) Close denotations under

rewrite rules

x-Deduction Closure

r..r€||M]

t..re||M]|

X

—~

ITr—>1

/

) Never introduce externally
observable behavior

a < a 0{?
\__/

S
A
8\
S
)

rewind
wr— aiw
\__/

Relying on more
being revealed

forward

w — aw’

Guaranteeing less
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ABSTRACTION




ABSTRACT
DENOTATIONAL ot

ar’?
SEMANTICS @
Full Abst.
) Brookes’s denotations are fully-abstract
) Proof relies on unrealistically holding §

exclusive access to the entire memory Adequacy

K it/

void philosopher(int ph, mutex& ma, mutex
mb, mutex& mo) {
for ;) { //»p
termination
int duration = myrand(200, 800);

) Instead, evidence based:

// Block { } limits scope of lock
mo) ;

lock_guard<mutex> gmo(mo);
cout<<ph<<" thinks "<<duration<<"ms\n";
9) ¥
this_thread::sleep_for(chrono::milliseconds
uration));

) Which transformations can we validate?
(look for counter-ex to full-abstraction)
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STRUCTURAL AND PARALLEL LAWS

Monad laws — structural equivalences for free, e.g. Hoisting

then M; P, else M; P, || = [| M;if K . then P, else P, ||

ure pure

lif K,

Interleaving — properties of parallel composition, e.g. generalized sequencing

| (M ;M) || (Ki; K5) [ 2 | (M || Ky); (M, || K5) ]
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SOPHISTICATION REQUIRED

Some transformations are valid due to more complicated reasons, e.g.:

/Redundant Read Elimination\

ﬁOverwrltten Write Elimination ~

x=0x=1>x:=1
_ y

55

y7'M > M holds due to

delicate semantic invariants
\_ W,

holds even though
state diverges



DELICATE

SEMANTIC
INVARIANTS
/Redundant Read Elimination\
v, M > M
\_ J

we identify operational invariants

and impose them as denotational requirements

K[(,u,//t)JK.'. Oelol = 3V.K[<//t,//t>JK.'. vey?
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DIVERGING STATE

KOverwritten Write Elimination\

x=0x=1->x:=1
N y
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DIVERGING STATE

KOverwritten Write Elimination\

x=0x=1->x:=1
N y
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DIVERGING STATE

KOverwritten Write Elimination\
x=0x=1->>x:=1 0‘@/4,/4@{ 1|}>ja)-'-<>
- . W

[x =0:;x:=1]]| 2 [[x := 1]




DIVERGING STATE

KOverwritten Write Elimination\

x=0x=1->>x:=1 0‘@/4,/4@{ 1|}>ja)-'-<>
N\ Y, UJ

[x =0:;x:=1]]| 2 [[x := 1]

1)

ap, @ { B} (uw {®]}, pw { ] ) . ()




DIVERGING STATE

KOverwritten Write Elimination\

x=0x=1->>x:=1 0‘@/4,/4@{ 1|}>ja)-'-<>
g y UJ
[x =0:;x:=1]]| 2 [[x := 1]

7) al(u,pw { O Ho . )




DIVERGING STATE

KOverwritten Write Elimination\

x=0x=1->>x:=1 0‘@/4,/4@{ 1|}>ja)-'-<>
N o 0
[x :=0;x:= 1] D [[x := 1] absorb
7) al(u,pw { O Ho . )




NO CORRESPONDENCE
WITH INTERRUPTED
EXECUTIONS

17z

()

(Mo, — ) My = (py, — ) My -+ 0

a </’t19 p1><//l29 ,02> e </’tn—19 pn—1></’tn9 pn) @..r

T | —

Absorb : |



ALL REWRITE RULES

St

Rw

; Rewind «|éjlo — «a

|
Forward a.rc Yo«

Stutter a|én|w = a|é{u,p)nlw
Mumble a[E(u,p) (p, Oy plo 2 a[E (s 0) n)w
Tighten  a[f(up¥ {v})n ¥ {v}w LN
Absorb a|lE{u, pW{v,e}) nW {v,e}|w Ab,
Dilste  (a[Ep® (W1 (Ho) 1]

Elw a <k

Elw kK< w

w

0(§</1,DU{E}>17U{€}0) V Syw €

alE(ppwi{elnuwi{el}Howvce

04

Eu,pW{v,e})nW{v, e}

w V-Ge€




NEW ADEQUACY PROOF IDEA

Traces are not operational — adequacy proof is significantly more challenging:

1. We first define a denotational semantics [| M || but without the abstract rules

2. We show itis adequate — easier: traces correspond to interrupted executions
(with an admissible view-advancing rule)

3. We show it is enough to apply the abstractclosure (— )°ontop [[M[]|=[M][*

® This is the main technical challenge — complicated commutativity property @

4. We show that the abstract deduction rules preserve observable results
(rather than interrupted executions)
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‘Symmetry M| N — matchN || M with (y,z). (z,y) g'\m'\\af\g tor 03:2;
;Generalized Sequencing Laws of Par-

| (letx = M1;inMs) || (lety = Nyin N;) — match M, || Ny with (z,y). M5 || Ns

Elmnms .......................................................................................................................... $ et
Irrelevant Read 070 — () g'\m'\\a"\‘;\ for 0
§Write-Write Li=vili=w B f:=w RMWs
;Write-Read b:i=v;0? —» L:=v;v

‘Write-FAA {:=v;FAA (4, w) B e= (v4+w) ;v

;Read-Write letx =¢7inl:=(x+v);z — FAA (L, v)

Read-Read (£7,4?7) — letx =/¢7in (z,x)

Read-FAA (67, FAA (£,v)) — letz = FAA (¢,v) in (z, z)

FAA-Read (FAA (4,v),£7) — letxz=FAA (4,v) in (z,x + v) :

FAA-FAA (FAA (4,v) , FAA (f,w)) 5 letz = FAA (L v+w) in (2,0 +v)

IR e

Trrelevant Read Introduction O = L7

;Read to FAA (2 = FAA (4,0)

‘Write-Read Deorder (L:=0),07) B (L:=v)|£? (£#2)

‘Write-Read Reorder ((0:=v),0?) B letz=02in{l:=v);2 L#£L)

------------------------------------------------------------------------------------------------------------------------------------------------



SUMMARY

) Standard, adequate and fully-compositional denotational semantic for RA

) Sufficiently abstract: validates all RA transformations that we know of
(memory access, laws of parallel programming, structural transformations)

) More nuanced, complicated traces

) interpreted as Rely/Guarantee sequences
) denotations closed under 10 trace deduction rules

) Extended RA view-based machine with compositional (i.e. first-class) parallelism
(weak-memory models are usually studied with top-level parallelism)

62



& sookes’s Denotational Semanti¢gp

- ared Staje Concurrency

Algebraic Effects Relaxed Memory
Refinement Extension




